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CN ' Abstract. We first give a bijective proof of Gould's identity in the model of binary words. 

^-^' Then we deduce Rothe's identity from Gould's identity again by a bijection, which also leads to 

a double-sum extension of the g-Chu-Vandermonde formula. 
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1 Introduction 
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X + y — nz 
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^^ . There are two convolution formulas due to Rothe [10]: 

+-^ ■ ^^ xy fx — kz\ /y — {n — k)z 

'~* ■ ^ {x — kz){y — (n — k)z) \ k J \ n — k 

■s—^ x fx — kz\ /y + kz\ (x + y 

^ ■ ^ X — kz\ k J \n — k J \ n 

\Q . fc-0 

_j \ which are famous in the literature. For example, Chu [3] used (1) and (2) to compute some 

'!;;j- ■ determinants involving binomial coefficients. For some generalizations of (1) and (2), we refer 

\f^ . the reader to [11,13,14] and references therein. 

^D \ Some proofs of (1) and (2) can be found in [6,9,12]. It is not difficult to see that (1) can be 

deduced from (2). Blackwell and Dubins [2] have given a combinatorial proof of Rothe's identity 
(1), which can also be proved in the model of lattice paths (using [8, p. 9] or [7, (1.1)]). 
Gould [4,5] reproved (1) and (2) and also obtained the following interesting identity: 

^- E(^-;i(r-t)-t(^-"r'1C;ir)- p) 



A:=0 ^ ^ ^ ^ fc=0 



The main purpose of this paper is to give bijective proofs of Rothe's identity (2) and Gould's 
identity (3) in the model of binary words. As a conclusion, a double-sum extension of the 
(7-Chu-Vandermonde formula is also presented. 
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2 Proof of (3) 

It is not difficult to see tliat Gould's identity (3) is equivalent to 

A /p - km\ (q + km\ ^ fp+1- km\ (q-l + km\ 

2^[ k )[n-k)=2^[ k )[ n-k ) f-^'9'-'^^I^- (4) 

We will prove that (4) holds for all integers p > mn and q > 1 (and therefore for all real and 
complex numbers). 

Let r = {a,b} denote an alphabet with a grading ||a|| = 1 and ||6|| = m + \. For a word 
w = wi- ■ -Wn ^ r*, its length n is denoted by \w\ and its weight by ||ii;|| = \\wi\\ + • • • + Huinl]. 
Let \w\i, = {\\w\\ — \w\)/m be the number of 6's appearing in w, and let 

Tp^fc := {w G r*: ||u;|| = p and \w\b = A;} C r^-^^™. 

It is easy to see that H^Tp^k = (^"^ ™) • Furthermore, let 

^pk ■~ {^ ^ ^p,k- w has a prefix of weight r}. 
For p,q > mn, an obvious bijection (by factorization) 

-'- p+q,n ^ ^ [jj'- P,k ^ J- q,n-k 



leads to 



*^P+q,n-X.[ ^ )[ ^_^ )■ 



k 

Thus, the identity (4) is equivalent to 

-#p(p) _ _/J.-p(P+l) (r:\ 

ii'^ p~\-q-\-mn,n tt p+q+mn^n' V-' ) 

We need the following simple observation. 

Lemma 1 Let u,v G F* with ||ti||,||t;|| > mn+ 1, where n = \u-v\i,. Then there exist nonempty 
prefixes x of u and y of v such that \\x\\ = \\y\\. 

Proof. Suppose that ||ti|| = mn + r and \\v\\ = mn + s with r, s > 1. Then the total number 
of nonempty prefixes of u and v is |n| + \v\ = ||^|| + ||t'|| — m\u ■ v\h = mn + r + s. On the 
other hand, each prefix of u or t; has weight < max{||ti||, | It'll}. Hence u and v must have some 
nonempty prefixes of the same weight. I 

Now we can prove (5) by the following theorem. 

Theorem 2 For p > mn and q>l, there is a bijection between Fp^g_,_^„„ and Fp^^^^^^^. 

(p) 
Proof. Take any w = u ■ v G Fp^g_,_^„,^, where ||u|| = p and ||v|| = 9 + rnn. Applying Lemma 1 

to V and the reverse of u • a, we see that u has a suffix x (possibly empty), i.e., u = u' ■ x, and v 

has a prefix y, i.e., v = y ■ v', such that ||x|| = ||y|| — 1. Then u' -y -x ■ v' G ^p+q-lmn,n^ where 

X and y are respectively the reverses of x and y. By selecting x and y with minimal length, we 

obtain a bijection. I 



3 Proof of (2) 

Let us now consider Tp+g+mn,n with p > mn and g > 1. For each w G T pj^qj^rnn,n, \ei w = u ■ v 
denote the unique factorization with | |nj | >p but as small as possible. There are two possibilities: 

• If ||ti|| = p, then w € rp^g_,_„„„ and all these words have been counted above. 

• If ||ii|| = p + j for some 1 < j < ni, then the last letter of u must be a h. Namely, u = u' -b 
for some u' € Tp+j-m-i,k-i- The corresponding v belongs to Tq^mn-j,n-k- It is easy to 
see that the mapping w i-^ {u',v) may be inverted. 

Hence there is a bijection 



^ p+q+mn,n ^ ^ i- p-i-q^rnn,n IJ) \Z) P+j—'m-i,k—l ^ ^ q+mn—j,n-ki 



which means that 




p — km\ /q + kin 
k I \ n — k 



E 



j=i fc=i 



p — /cm + J — 1\ /(/ + km — j^ 
k — 1 J \ n — k 



p + q 
n 



However, by (4), for 1 < j < m, we have 



fc=0 



p — km + j — 1\ fq + km, — j 



k-1 



n — k 



E 

A:=0 



p — km — 1\ fq + km 



k-1 



n — k 



Combining (7) and (8) yields 



El fp — km\ fp — km — 1\\ fq + km 



fc=0 



k 



k-1 



n — k 



p + q 
n 



or 



E 

fc=0 

which is Rothe's identity (2). 



P 



p — km\ fq + km, 
p — km, V k ) \ n — k 



p + q 
n 



(6) 



(7) 



(8) 



4 A new extension of the g-Chu-Vandermonde formula 

In this section we give a g-analogue of (7). Recall that q-binomial coefficient [^] is defined as 



J|^^-^(l — q^ '"'" )/(! — q^) if k > and otherwise. By [1, Theorem 3.6], we have 



p — km, 
k 



(p > km,) 



(9) 



y^ mv{w) 

where inv(tt;) denotes the number of inversions of w. Taking mv{w) into account and using (9) 
the bijection (6) (replacing p and q hy x and y, respectively) further implies that 



fc=0 



kikm+k+y—n) 



X — km, 
k 



y + km 
n — k 



+E 



X — km + j — 1 
k-1 



y + km, — j 
n — k 



-kj 



x + y 
n 



(10) 



which reduces to the gr-Chu-Vandermonde formula if m = 0, and reduces to 



A:=0 



k{2k+y-n) 



X — k 
k 



y + k 
n — k 



+ 



y + k-i 
n — k 



x + y 
n 



if 7TT, = 1. 

However, our bijection in Theorem 2 does not lead to the corresponding q-analogue of (8), 
and we cannot simplify (10) to obtain a g-analogue of Rothe's identity as before. 
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Especially, the present form of Lemma 1 is his and it unifies two previous lemmas in this paper. 



References 

[1] G. E. Andrews, The Theory of Partitions, Cambridge University Press, Cambridge, 1998. 

[2] D. Blackwell and L. Dubins, An elementary proof of an identity of Gould's, Bol. Soc. Mat. Mexicana 

11 (1966), 108-110. 
[3] W. Chu, Binomial convolutions and determinant identities. Discrete Math. 204 (1999), 129-153. 
[4] H. W. Gould, Some generalization of Vandermonde's convolution, Amer. Math. Monthly 63 (1956), 

84-91. 
[5] H. W. Gould, Final analysis of Vandermonde's convolution. Amer. Math. Monthly 64 (1957), 409- 

415. 
[6] I-C. Huang, Inverse relations and Schauder bases, J. Combin. Theory, Ser. A 97 (2002), 203-224. 
[7] C. Krattenthaler, Counting lattice paths with a linear boundary, I, Osterreich. Akad. Wiss. Math.- 

Natur. Kl. Sitzungsber. II 198 (1989), 87-107. 
[8] S. G. Mohanty, Lattice Path Counting and Applications, Academic Press, New York, 1979. 
[9] G. N. Raney, Functional composition patterns and power series reversion. Trans. Amer. Math. Soc. 
94 (1960), 441-451. 
[10] H. A. Rothe, Formulae de serierum reversione demonstratio universalis signis localibus combinatorio- 

analyticorum vicariis exhibita, Leipzig, 1793. 
[11] M. Schlosser, Abel- Rothe type generalizations of Jacobi's triple product identity, in: Theory and 

Applications of Special Functions, Dev. Math., 13, Springer, New York, 2005, pp. 383-400. 
[12] R. Sprugnoli, Riordan arrays and the AbebGould identity. Discrete Math. 142 (1995), 213-233. 
[13] V. Strehl, Identities of Rothe-AbebSchlafli-Hurwitz-type, Discrete Math. 99 (1992), 321-340. 
[14] J. Zeng, Muhinomial convolution polynomials. Discrete Math. 160 (1996), 219-228. 



